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ABSTRACT

“rank” itself is nonconvex, it can be approximated by its convex envelop, namely the trace norm. The validation of this
approximation is justified in theory [4]. Among all the trace
norm minimization problems, matrix completion may be a
well-known one [4, 5]. Recently, [6] extends the famous
problem of matrix completion to the tensor case and develop
a efficient solution.
The “sparsity” is also a useful tool for visual data analysis, since the noisy or the salient part usually occupies a small
portion of the data. The sparse prior has demonstrated a wide
range of applications including image denoising [7], saliency
detection [8] and face recognition [9]. It was not until very
recently that had much attention been focused on the ranksparsity problem for matrix [10, 11], namely the Principal
Component Pursuit (PCP) or the Robust Principal Component
Analysis (RPCA). These work seek to directly decompose a
matrix into a low-rank part plus a sparse part. Theoretic analysis [11] shows that under rather weak assumptions, the problem can be solved by trace norm and l1 norm minimization.
Although the PCP problem has been studied for matrix,
there is no much work on tensors, which can be treated as
higher order matrix. Mainly inspired by the work of [6, 10],
we extend the matrix case to the tensor case by the definition
of the tensor trace norm in [6]. Through relaxation technique,
the problem of tensor decomposition is formulated as a convex optimization, which is much harder than its matrix form.
Thus, we develop a block coordinate descent (BCD) based
high quality algorithm to efficiently solve this problem. Furthermore, we explore preliminary applications of our method.
The paper is organized as follows. In Section 2, we briefly
review the problem of Principal Component Pursuit in the matrix case. In Section 3, we extend the problem into the tensor
case and present our proposed algorithm. In Section 4, we explore several potential applications of our algorithm. Finally,
Section 5 concludes the paper.

The multi-channel image or the video clip has the natural form of tensor. The values of the tensor can be corrupted
due to noise in the acquisition process. We consider the problem of recovering a tensor L of visual data from its corrupted
observations X = L + S, where the corrupted entries S are
unknown and unbounded, but are assumed to be sparse. Our
work is built on the recent studies about the recovery of corrupted low-rank matrix via trace norm minimization. We extend the matrix case to the tensor case by the definition of
tensor trace norm in [6]. Furthermore, the problem of tensor
is formulated as a convex optimization, which is much harder
than its matrix form. Thus, we develop a high quality algorithm to efficiently solve the problem. Our experiments show
potential applications of our method and indicate a robust and
reliable solution.
Index Terms— tensor decomposition, trace norm minimization, sparse coding, convex optimization
1. INTRODUCTION
Error correction for the visual data has long been an active
topic in the field of image processing and computer vision.
Typically, the visual data, either an image or a video, has the
natural form of a multi-dimensional matrix, namely the tensor. For example, the (color) channels of an image, or the
frames of a video make up a 3-mode tensor. On one hand,
one may seek to recover the noise-free or even the latent low
dimensional version of the data, such as image denoising or
image compression [1]. On the other hand, one may seek to
detect the noisy or the salient part of the data, such as outlier
detection [2] or foreground segmentation [3]. Therefore, it is
necessary to develop tools to capture both the global structure
and the salient part of the tensor-like visual data.
In the two-dimensional case, i.e. the matrix case, the
“rank” plays an important part in capturing the global information of visual data. One simple and useful assumption is
that the data lie near certain low-dimensional subspace, which
is closely related to the minimization of rank. Although the
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2. PRINCIPAL COMPONENT PURSUIT
Our derivation is inspired by the recently emerging Principal Component Pursuit (PCP) problem [10]. The PCP assumes that the observed data matrix D ∈ Rl×m was generated by corrupting some of the entries of a low-rank matrix
A ∈ Rl×m . The corruption is produced by an additive error

E ∈ Rl×m , so that D = A + E. The error is unknown and
unbounded, but affects only a portion of the entries of D, so
that E is a sparse matrix. Then the idealized PCP problem
can be formulated as follows:
Problem: Given D = A + E, where A is an unknown
low-rank matrix and E is an unknown sparse matrix, recover
A and E.
This problem formulation suggests a conceptual solution:
seek the lowest rank A that could have generated the data,
subject to the constraint that the errors are sparse: kEk0 ≤ k.
The Lagrangian reformulation of the optimization problem is:
min rank(A) + λkEk0 s.t A + E = D

(1)

λ balances between rank and sparsity [11]. For an appropriate λ, the solution of the (1) recover the pair (A0 , E0 ) that
generated the data D. However, (1) is a highly nonconvex
optimization and no efficient solution is guaranteed.
Given the fact that the trace norm kAktr and l1 norm
kEk1 are the convex envelop of rank(A) and kEk0 respectively, one can relax rank(A) + λkEk0 by kAktr + λkEk1
and obtain a tractable optimization problem:
min kAktr + λkEk1 s.t A + E = D

(2)

where the trace norm, or the nuclear norm of matrix A is
defined
as the sum of its singular values σj , i.e. kAktr =
P
σ
(A).
Moreover, recent theoretic analysis [11] indicates
j
j
that under rather weak assumptions, (2) is able to exactly recover the low-rank matrix A0 and sparse matrix E0 in high
probability. Various algorithms exist [10, 11, 12].

Since the tensor is a higher dimensional extension of matrix, the PCP algorithm can be extended to the tensor case by
solving the following optimization:
min kLktr + λkSk1
L,S

(3)

s.t.

L+S =X

where X, L and S are n-mode tensors with identical size in
each mode. X is the observed data tensor. L and S represent
the correspondent low rank part and sparse part, respectively.
The remaining issue is the definition of trace norm for general
tensor case.
However, the notion of trace norm for tensors of order
greater than two is subtle. For example, there are alternative
approaches for the higher order SVD [13, 14], leading to different definition of the trace norm. We propose the following
definition for the tensor trace norm as in [6]
n

kXktr :=

1X
kX(i) ktr
n i=1

(4)

Essentially, the trace norm of a tensor is the average of the
trace norms of all matrix unfolded along each mode. In particular, when the mode n = 2 (i.e. the matrix case), this defT
inition is consistent with the matrix trace norm, since X(1)
=
X(2) . Under this definition, the optimization in (3) can be
rewritten as:
n

min

1X
kL(i) ktr + λkSk1
n i=1

s.t.

L+S =X

L,S

∀i

unf old(L(i) , i) = L

3. TENSOR DECOMPOSITION BY PRINCIPAL
COMPONENT PURSUIT

(5)

3.2. Simplified Formulation
In this section, we present our extension of the PCP problem
into the tensor case. Although the new problem is much more
difficult than the matrix case, we rely on the relaxation technique and propose an efficient solution.

Problem (5) is hard to solve due to the interdependent trace
norm and l1 norm constraint. To simplify the problem, we
introduce additional auxiliary matrix Mi = L(i) and Ni =
S(i) . Thus, we obtain the equivalent formulation:

3.1. Tensor Error Correction
A n-mode tensor is defined as X ∈ RI1 ×I2 ×...×In , with its elements xi1 ...xik ...xin ∈ R. Therefore, a vector can be seen as
a 1-mode tensor and a matrix can be seen as a 2-mode tensor.
It is often convenient to convert a tensor into a matrix, also
called matricizing or unfolding. The “unfold” operation along
the k-th mode on a tensor X is defined as unf old(X, k) :=
X(k) ∈ RIk ×(I1 ...Ik−1 Ik+1 ...In ) . Accordingly, its inverse operator f old can be defined as f old(X(k) , k) := X. Moreover,
P
1
denote
kXkF := ( i1 ,i2 ,...in |xi1 i2 ...in |2 ) 2 and kXk1 :=
P
i1 ,i2 ,...in |xi1 i2 ...in | as the Frobenius norm and l1 norm the
of a tensor. Then, we have kXkF = kX(k) kF and kXk1 =
kX(k) k1 for any 1 ≤ k ≤ n.

n

min

L,S,Mi ,Ni

s.t.

n

λX
1X
kMi ktr +
kNi k1
n i=1
n i=1
(6)

L+S =X
Mi = L(i)

∀i

Ni = S(i)

∀i

In (6), the constrains Mi = L(i) and Ni = S(i) still enforce the consistency of all Mi and Ni . Thus, we further
relax the equality constrains Mi = L(i) and Ni = S(i) by
kMi − L(i) kF ≤ ε1 and kNi − S(i) kF ≤ ε2 . Furthermore, if
we allow a dense noise term over X, we can relax L + S = X
by kL + S − XkF ≤ ε3 , corresponding to the stable Principle

Component Pursuit (SPCP) in the matrix case [15]. Therefore, we get the relaxed form:
n

min

L,S,Mi ,Ni

n

λX
1X
kMi ktr +
kNi k1
n i=1
n i=1

s.t. kMi − L(i) k2F ≤ ε1
kNi −

S(i) k2F

∀i

≤ ε2

(7)

For certain αi , βi and γi , (7) can be converted to its dual
form by Lagrange multiplier.
n

L,S,Mi ,Ni

1 X
αi kMi − L(i) k2F
2n i=1
n

+

1 X
βi kNi − S(i) k2F
2n i=1
n

Input : X
Output : L, S, Mi , Ni from 1 to n
1. Set L = X, S = 0, Mi = L(i) , Ni = 0
2. while no convergence
3. f or i = 1 to n
β S +γ (X −M )
4.
Ni∗ = D λ ( i (i) βii+γi(i) i )
βi +γi

∀i

kL + S − Xk2F ≤ ε3

min

Algorithm1 (RSTD:Rank Sparsity Tensor Decomposition)

5.
6.
7.

Pn

By the well-known l1 minimization [16], the global minimum
of the optimization problem in (10) is given by
(8)
Ni∗ = D

(

βi S(i) + γi (X(i) − Mi )
)
βi + γ i

(11)

where Dτ is the “shrinkag” operation.
Computing Mi : The optimum Mi with all other variables fixed is the solution to the following subproblem:

Intuitively, the weights αi , βi and γi indicate the preference
towards different ’unfold’ operation, i.e. the configuration of
the tensor. For example, we would prefer to explain the tensor
representation of a video as the collection of frames. The
optimization problem in (8) is convex but nondifferentiable.
Next, we show how to solve this problem.
3.3. The Proposed Algorithm
We propose to employ the alternative direction strategy for the
optimization (8), leading to a block coordinate descent (BCD)
algorithm. The core idea of the BCD is to optimize a group
of variables while fixing the other groups. The variables in
the optimization are N1 ,...,Nn , M1 ,...,Mn ,L,S, which can be
divided into 2n + 2 blocks. To achieve the optimum solution,
we estimate Ni , Mi , L and S sequentially in each iteration.
For clarity, we first define the “shrinkage” operator Dτ (x) by


x − τ if x > τ
Dτ (x) = x + τ if x < −τ
(9)


0
otherwise
The operator can be extended to the matrix or tensor case by
performing the shrinkage operator towards each element.
Computing Ni : The optimum Ni with all other variables fixed is the solution to the following subproblem

Ni

λ
βi +γi

n

1X
λX
+
kMi ktr +
kNi k1
n i=1
n i=1

min

i=1

α f old(Mi ,i)

8. L∗ = i=1Pin αi
i=1
9. end while

1 X
γi kMi + Ni − X(i) k2F
+
2n i=1
n

1
Mi∗ = U D α +γ
(Λ)V T
i
i
end fP
or
n
β f old(N ,i)
S ∗ = i=1Pin βi i

βi
γi
kNi − S(i) k2F + kMi + Ni − X(i) k2F
2
2
+ λkNi k1

min
Mi

γi
αi
kMi − L(i) k2F + kMi + Ni − X(i) k2F
2
2
+ kMi ktr

(12)

From current trace norm minimization literature [5], the
global minimum of the optimization problem in (12) is given
by
1
Mi∗ = U D α +γ
(Λ)V T
(13)
i

where U ΛV

T

i

is the singular value decomposition given by

U ΛV T =

αi L(i) + γi (X(i) − Ni )
αi + γi

(14)

Computing Si : The optimum S with all other variables
fixed is the solution to the following subproblem
n

min
S

1X
βi kNi − S(i) k2F
2 i=1

It is easy to show that the solution to (15) is given by
Pn
βi f old(Ni , i)
S ∗ = i=1Pn
i=1 βi

(15)

(16)

Computing Li : The optimum L with all other variables
fixed is the solution to the following subproblem
n

(10)

min
L

1X
αi kMi − L(i) k2F
2 i=1

(17)
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∗

Pn

L =
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i=1 P
n
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